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DDM Rotordynamic Design Sensitivity Analysis of an APU
Turbogenerator Having a Spline Shaft Connection
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An eigenvalue design sensitivity formulation of a general nonsymmetric-matrix rotor-bearing
system is devised, using the DDM (direct differential method). Then, investigations on the
design sensitivities of critical speeds are carried out for an APU turbogenerator with a spline
shaft connection. Results show that the dependence of the rate of change of the critical speed on
the stiffness changes of bearing models of spline shaft connection points is negligible, and
thereby their modeling uncertainty does not present any problem. And the passing critical speeds
up to the 4th critical speed are not sensitive to the design stiffness coefficients of four main
bearings. Further, the dependence of the rate of change of the critical speed on the shaft-element
length changes shows quantitatively that the spline shaft has some limited influence on the 4th
critical speed but no influence on the Ist to 3rd critical speeds. With no adverse effect from the
spline shaft, the APU system achieves a critical speed separation margin of more than 40% at
a rated speed of 60,000 rpm.
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1. Introduction

A spline shaft connection may be utilized as the
means of power transmission between two rota-
ting systems in small and medium-sized gas
turbines that are compact, light weight, and have
high power. An ideally designed spline shaft
should simply perform only a function of power
transmission without incurring any adverse effects
on the lateral dynamics of connected systems over
the entre range of operating speeds. Before con-
necting two rotating systems with a spline shaft,
it is quite important to analyze the dynamic char-
acteristics of associated rotor-bearing systems
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before and after the connection, and to minimize
any adverse effects of spline shaft or to have them
within allowable limits through a detailed design
process.

To obtain more accurate and favorable dyna-
mic designs of mechanical systems, a design sen-
sitivity analysis is getting more attention in these
days. A dynamic design sensitivity analysis aims
to investigate the rates of change of system dyna-
mic responses with respect to the design variables
and thereby to provide systematic information on
the dependence of the dynamic characteristics of
the system on the design variables.

For general structures, Wittrick (1962) and
Fox and Kapoor (1968) performed eigenvalue
design sensitivity analyses for systems having
symmetric system matrices and Plaut and Huseyin
(1973) dealt with systems having nonsymmetric
system matrices. And Murthy and Haftka (1988)
carried out an eigenvalue sensitivity analysis with
a general complex system matrix, using the DDM
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(direct differential method). For rotor-bearing
systems, Lund (1980)
scheme for determining critical speed sensitivities
to design variable changes based on the TM
(transfer matrix) formulation, and Rajan et al.

proposed an analysis

(1986) performed eigenvalue design sensitivity
analyses, using the AVM (adjoint variable meth-
od) based on the FE (finite element) formula-
tion.

In this study, an eigenvalue design sensitivity
formulation of a general nonsymmetric-matrix
rotor-bearing system is devised, using the DDM
along with FE based system equations of motion.
A detailed critical speed design sensitivity an-
alysis is carried out for an APU (auxiliary power
unit) turbogenerator with a spline shaft connec-
tion. The effects of the spline shaft connection on
the rotordynamic characteristics of the APU sys-
tem are investigated.

2. DDM Desicn Sensitivity
Formulation

Generalized FE homogeneous equations of
motion of rotor-bearing systems (Lee’s, 2001) are
expressed in the state-space form by
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For i-th eigenvalue and eigenvector of Eq. (1),
the eigenvalue problem and eigenvector orthogo-
nality relationship are referring to Murthy and
Haftka (1988), given by

(ALAI+[BD{y}={0}: (2)
{yH[Ay}=R: (3)

where R;is a system modal norm and {y}:iis a
complex conjugate of eigenvector {y}:. For an
eigenvalue design sensitivity analysis, a general
response function, which consists of eigenvalues,
eigenvectors, and design variables, may be ex-
pressed by

=0 (A, {¥}s b) (4)

where b is a design variable and A; and { v }; are
implicit with respect to . From Eq. (4), a total
design derivative of the response function is
obtained, using the variational principle (Arora
and Cardoso, 1992)
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In Eq. (5), dA:/db and d{ y }./db are the design
derivatives (or synonymously, sensitivities) of the

eigenvalues and eigenvectors to be sought. Taking
direct derivatives of Egs. (2) and (3) with respect
to b, with the help of Eq. (5), gives
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Equations (6) and (7) are written in the matrix
form by
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Finally, the design derivatives of the eigenvalue
and eigenvector are obtained by solving Eq. (8).
Here, a design sensitivity of whirl natural fre-
quency is predicted from an imaginary part of a
design derivative of the eigenvalue. For an abso-
lute comparison of contributions between various
design variables with different magnitudes and
dimensions, the following change rate of response
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function to a design variable is introduced

de
b XAb
@

Change rate= X 100(%) 9)

3. APU and Modeling

Figure 1(a) shows a schematic of 100 kW APU
turbogenerator designed for a rated speed of 60,
000 rpm. The APU is composed of two main
subsystems, a generator in the left and a gas
turbine in the right. Power from the gas turbine is
transferred to the generator through a spline shaft.
The generator is supported by two air foil
bearings, while a blower supplies cooling air and
a thrust collar transfers axial load to a thrust air
foil bearing. The gas turbine rotor consists largely

of a shaft and a radial turbine and compressor
and is supported by a ball bearing in the left and
a roller bearing in the right. The stiffness and
damping of its two rolling bearings are deter-
mined by their flexible supports, i.e., a squirrel
cage for the ball bearing and an Allison ring for
the roller bearing. Figure | (b) shows the APU’s
FE model with the circles representing lumped
inertias such as various disks/wheels and the
triangles representing the radial
bearings and two connection points between the
spline shaft and each rotor shaft. The generator,
spline, and gas turbine shafts are modeled as 16,

four main

9, and 23 shaft elements, respectively. Table 1
summarizes lumped disk inertias, shaft material
properties, and bearing coefficients for the APU
model.

Table 1 Lumped disk inertias, shaft material properties. and bearing coefficients for the APU rotor-bearing

system FE model

Lumped disk inertia X .
I; I Shaft Material property
m P t
(kg) (kg-m®) (kg-m?)
D2 0.378 4.973% 107 2.498 % 107 0=8.,100 kg/m?
D3 0.010 1.285X 1078 6.557x1077
D4 0.017 8.938 X 1077 9.750x 1077 Bearing or support coefficients
D5 0.162 4.450x 1078 5.926x107° K=Kxx=Ky (N/m)
D6 0.038 1.214 X 10~% 9.501 X107 LHS RHS
D7 0.128 9.171%x107° 9.501 % 107° Generator 1.0 10° 3.0 10°
D8 0.372 2.700x 107* 1.484x 1073 rotor ’ ’
D9 0.019 5.435%107° 2.757x107¢ _
D10 0.033 8.874x107° 4.578 X 107¢ Spline shaf 10x10° Lo 10°
DIl 2.658 5313107 | 3.037x107 , ] .
D12 0.076 2830X10° | lLeesx1o® | O urbine >0x10 010
Generator Gas Turbine
gg}‘;‘ Compressor ,} F{'ﬂ"i”" O ‘
Blower\:
=
(b)

Fig. 1

{(a) Layout of the APU rotor system (b) FE model of the APU rotor
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4. Results and Discussions

For a systematic and quantitative analysis of
spline shaft effects on the critical speeds of the
APU system, a critical speed design sensitivity
analysis has been carried out, taking as design
variables all the bearing stiffnesses (including the
bearing model stiffness coefficient of 1 X108 N/m
of the spline connection points) and all the shaft
element lengths. For an absolute comparative
evaluation of each design variable’s contribution,
a 10% increase of each design variable has been
considered.

The first four passing critical speeds below the

181 ol speed(7572 38 rpm) sensitivity analyss

- —— -
i
& 1
2 1
. 4 -
&
a4
. {
e o sechan | Sohew sechon S LIt wacion
0 ")
Shaft slement number

a) Ist eritical speed change rate

3rd crcal spead( 11486 5 rpm) sensitnaty andlysis
3
g
8§ o¢
o

Jn hrtere secBon

S M CLIn
! L ¥ &L

Saadedhaaiad |

Shafl element number

¢) 3rd critical speed change rate

An Sung Lee and Jin Woong Ha

TR A

e
1 i Rl apee
] 4% T wree

Change rae

i
! X
| |

UL L R

-R8 S4B sSPAB GTLB TR

GE-LB

Bearrg poston

Fig. 2 Critical speed change rates for 10% bearing
stiffness increases

2nd critical speed(B064.9 rpm) sensitvity analysis

|
!
10 J
i,
a i
z uc-*— ——— —t
- 1
Qs 1
1
¢ 04
1
“
1 E g~y Sowre wechon t . or
C X LR
Shaft element number
b} 2nd cntical speed change rate

4t ocal speed{I3837 7 rpm) sansdnaty analysis

& ¢ &
' - b
PO PO TP T .

¢
-

Change rme (%)

Gere sty waon  foine sechon G Lrtare sector
w p - X &
Shaft element mumber
d} 4th enucal speed change rate

Fig. 3 Critical speed change rates for 10% shaft element length increases



DDM Rotordynamic Design Sensitivity Analysis of an APU Turbogenerator Having a Spline Shaft - 61

rated speed are 7,572, 8,065, 11,487, and 33,938
rpm. Figure 2 shows the rate of change of the
critical speed on each bearing stiffness variation
where GE represents the generator, SP the spline
shaft, GT the gas turbine, LB the LHS bearing,
and RB the RHS bearing. The rate of change of
the critical speed on variations in the generator
and gas turbine bearing stiffness are all less than
4%. Hence, the stability of the critical speeds is
assured even if the stiffness of the four main
support bearings deviates from their design values.
It is also noticed that the Ist and 3rd critical
speeds are attributed to the generator and that the
2nd and 4th critical speeds are attributed to the
gas turbine. Particularly, the rate of change of the
critical speed to varying bearing model stiffness of
the spline shaft connection points is confirmed to
be quite negligible, and hence their modeling
uncertainty is not a critical issue.

Figure 3 shows the rate of change of the critical
speed to variations in shaft element lengths. It is
clearly observed again that the Ist and 3rd critical
speeds are attributed to the generator and that the
2nd and 4th critical speeds are attributed to the
gas turbine. Particularly, it is quantitatively con-
firmed that the spline shaft does have some
influence on the 4th critical speed but little

influence on the other st to 3rd critical speeds.

On the other hand, by modeling the spline shaft
connection points as pivots, the first four critical
speeds are predicted to be 7,571, 8,065, 11,516,
and 33,989 rpm. They are almost identical to
those obtained by modeling the spline shaft con-
nection points as bearings, as can be expected
from the previons sensitivity analysis results. The
corresponding mode shapes are shown in Fig. 4.
It is observed that the Ist and 3rd modes are rigid
body modes of the generator, the 2nd mode is a
rigid body mode of the gas turbine, and the 4th
mode is a flexible mode of the gas turbine. It is
also seen that the spline shaft are almost straight
for the Ist, 2nd, and 3rd modes. and hence does
not influence the Ist to 3rd critical speeds.
Whereas the spline shaft does bend a little at the
4th mode, and thereby it eventually constrains the
gas turbine to some extent to influence the 4th
critical speed. All the above findings are in good
agreement with the sensitivity analysis results.
Table 2 summarizes the critical speeds obtained
for separate models of the generator and the gas
turbine and for the model of the entire APU
assembly with the spline connection points mo-
deled as pivots or bearings. For separate inde-
pendent models, each share of the spline shaft

Fig. 4 Critical mode shape of the entire APU rotor-bearing system with a pivot spline connection model
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Fig. 5 Campbell diagram of the entire APU rotor-
bearing system with a pivot spline connection
model

mass has been lumped and added to the corre-
sponding generator and gas turbine shaft posi-
tions. The critical speeds of the entire APU
system are practically identical to the correspon-
ding ones of the separate independent systems
except for the 4th critical speed. The 4th critical
speed of the entire APU is about 14% higher than
the corresponding one of the gas turbine (33,938
tpm to 29,002 rpm) . Figure 5 shows the Campbell
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diagram of the entire APU rotor system with the
pivot spline connection model. It is noticed that
the APU system achieves a critical speed separa-
tion margin of more than 40% from the rated
speed.

5. Conclusions

In this study, an eigenvalue design sensitivity
formulation of a general nonsymmetric-matrix
rotor-bearing system has been devised by using
the DDM. The formulation has been successfully
implemented for the critical speed design sensi-
tivity analysis of an APU turbogenerator with a
spline shaft connection.

Results have shown that the rate of change of
the critical speed to variations in the bearing
model stiffness of the spline shaft connection
points is extremely negligible, and hence their
modeling uncertainty is not a critical issue. It also
has been shown that the critical speeds up to the
4th critical speed are not sensitive to the stiffness
coefficients of the four main bearings or supports.
Further, the rate of change of the critical speed to
variations in the shaft element lengths has shown
quantitatively that the spline shaft has limited
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influence on the 4th critical speed but not on the
other Ist to 3rd critical speeds. It is concluded
that the APU system considered here achieves a
separation margin of more than 40% from the
rated speed without any adverse effect from the
spline shaft.

References

Arora, J. S. and Cardoso, J. B., 1992, “Varia-
tional Principle for Shape Design Sensitivity An-
alysis,” AIAA Journal, Vol. 30, No. 2, pp. 538~
547.

Fox, R. L. and Kapoor, M. P., 1968, “Rates of
Change of Eigenvalues and Eigenvectors,” Al4A4
Journal, Vol. 6, No. 12, pp. 2426~ 2429.

Lee, A.S. and Lee, Y.-S., 2001, “Rotor-
dynamic Characteristics of an APU Gas Turbine
Rotor-Bearing System Having a Tie Shaft,”
KSME International Journal, Vol. 15, No. 2,
pp. 148~ 155.

Lund, J. W, 1980, “Sensitivity of the Critical

Speeds of a Rotor to Change in the Design,”
ASME Trans. Journal of Mechanical Design,
Vol. 102, pp. 115~121.

Murthy, D. V. and Haftka, R. T., 1988, “Deri-
vatives of Eigenvalues and Eigenvectors of A
General Complex Matrix,” International Journal
for Numerical Methods in Engineering, Vol. 26,
pp- 293~311.

Plaut, R. H., and Huseyin, K., 1973, “Deriva-
tives of Eigenvalues and Eigenvectors in Non-
Self-Adjoint Systems,” AI4A4 Journal, Vol. I1,
No. 2, pp. 250~251.

Rajan, M., Nelson, H. D., and Chen, W.J,
1986, “Parameter Sensitivity in the Dynamics of
Rotor-Bearing Systems,” ASME Trans. Journal
of Vibration, Acoustics, Stress, and Reliability in
Design, Vol. 108, pp. 197~206.

Wittrick, W. H., 1962, “Rates of Change of
Eigenvalues, With Reference to Buckling and Vi-
bration Problems,” Jowrnal of the Royal Aero-
nautical Society. Yol. 66, No. 621, pp. 590~ 591.



